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Parabolized Navier–Stokes Algorithm for Solving Supersonic
Flows with Upstream In� uences
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A new parabolized Navier–Stokes (PNS) algorithm has been developed to ef� ciently compute supersonic � ows
with embedded regions that produce upstream effects. Innovative techniques are used to automatically detect
and measure the extent of the embedded regions. Within the embedded regions, the PNS equations are globally
iterated to duplicate the results that would be obtained with the complete Navier–Stokes (NS) equations. Once
an embedded region is computed, the algorithm returns to the standard space-marching PNS mode until the
next embedded region is encountered. This procedure has been successfully incorporated into NASA’s upwind
PNS code and it has been validated by its application to several two-dimensional test cases. All of these test cases
include embedded regions that produce signi� cant upstream effects. The present numerical results are in excellent
agreement with previous NS computationsand experimental data. In addition, these calculations demonstrate the
signi� cant reduction in computer time and storage that can be achieved by the use of this approach.

Introduction

T HE parabolizedNavier–Stokes (PNS) equationscan be used to
predict three-dimensional,steady, supersonic/hypersonic, vis-

cous � ow� elds in an ef� cient manner.1,2 This ef� ciency is achieved
because the equations can be solved using a space-marching tech-
nique as opposed to the time-marching technique that is normally
employed for the complete Navier–Stokes (NS) equations.As a re-
sult, the computational effort required to solve the PNS equations
for an entire supersonic � ow� eld is similar to the effort required to
solve either the inviscid portion of the � ow� eld by the use of the
steady Euler equations or the viscous portion of the � ow� eld by the
use of the boundary-layerequations.Furthermore, because the PNS
equationscontainall of the terms in both the Euler equationsand the
boundary-layerequations, the interaction between the inviscid and
viscousportionsof the � ow� eld is automaticallytaken into account.

Despite their ef� ciency, one of the major drawbacks of current
day PNS codes is that they cannot be used to compute � ows with
embedded separated regions that occur near canopies, wing–body
junctures, blunt leading edges, etc. A common practice is to use an
NS code in these regionsand use a PNS code for the remainderof the
� ow� eld (see, for example, Ref. 3). Because of the dif� culties asso-
ciated with interfacing two different codes, other investigatorshave
resorted to using an NS code for the entire � ow� eld. This is in spite
of a typical PNS code being one to two orders of magnitude faster
than a NS code and requiring substantially less computer storage.

An alternative approach that has been used by several invest-
igators4 ¡ 11 is to modify an NS code so that it can space march
the solution in supersonic regions. The drawback to this approach
is that the NS equations are usually iterated several times at each
streamwise step as the solution is marched downstream. It has been
shown10,12 that NS codes that have been modi� ed in this fashion
are substantially slower than a PNS code in supersonic regions.
Because the majority of the inviscid � ow� eld surrounding a high-
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speed vehicle is supersonic, it seems advantageous to utilize a PNS
code as the primary � ow solver. This is the approach that is taken
in the present study.

For a PNS-type code to be able to solve the entire � ow� eld sur-
rounding a supersonic/hypersonic vehicle, it must be able to auto-
matically detect and measure the extent of embedded regions that
produce signi� cant upstream effects. In the present study, an in-
novative technique has been developed to automatically detect and
measure the extentof these embeddedregionsby the examinationof
the known body geometry and by the use of empiricallydetermined
correlationfunctions.In these embeddedelliptic regions, the single-
sweepspace-marchingtechniqueis ill posedand inaccurate.Instead,
the PNS equationsmust be solved globally in an iterative fashion to
duplicate the results that would be obtained with an NS code. Once
the embedded region is computed, the code can return to a space-
marching mode until the next embedded region is encountered.

In the present study, a new iterative PNS (IPNS) algorithm has
been developedto globally solve the governingequations in regions
that have been determined to produce signi� cant upstream effects.
This algorithm has been incorporated into NASA’s upwind PNS
(UPS) code13,14 and has been validated by its application to sev-
eral two-dimensionallaminar � ow test cases that contain embedded
regions with signi� cant upstream effects. These test cases include
supersonic � ows over ramps and expansion corners, shock waves
impinging on a � at plate, and � ow over a more complicated geom-
etry with two embedded regions. The present numerical results are
compared with previous NS computations and experimental data
for accuracy and computational ef� ciency.

PNS Equations
The PNS equationsare obtained from the compressibleNS equa-

tions by neglecting the streamwise viscous terms and by dropping
the unsteady terms. The PNS equations expressed in a general
nonorthogonalcoordinate system ( n , g , f ) are given by

E n + Fg + G f = 0 (1)

where

E = ( n x / J )Ei + ( n y / J )Fi + ( n z / J )Gi

F = ( g x / J )(Ei ¡ E
0
v ) + ( g y / J )(Fi ¡ F

0
v ) + ( g z / J )(Gi ¡ G

0
v )

G = ( f x / J )(Ei ¡ E
0
v ) + ( f y / J )(Fi ¡ F

0
v ) + ( f z / J )(Gi ¡ G

0
v )

(2)
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The prime in the preceding equations indicates that the streamwise
(n direction) viscous terms have been dropped. These same vis-
cous terms are also dropped in the thin-layer NS equations and the
boundary-layer equations. The inviscid (subscript i ) and viscous
(subscript v ) � ux vectors are given by

Ei = q u, q u2 + p, q uv , q uw , (Et + p)u
T

Fi = q v , q uv, q v2 + p, q vw , (Et + p)v
T

Gi = q w , q uw , q vw , q w2 + p, (Et + p)w
T

Ev = {0, s x x , s x y , s x z , u s x x + v s xy + w s x z ¡ qx }T

Fv = {0, s yx , s yy , s yz , u s yx + v s yy + w s yz ¡ qy}
T

Gv = {0, s zx , s zy , s zz , u s zx + v s zy + w s zz ¡ qz}
T

where Et = q {e + 1
2 (u2 + v2 + w 2)}. In the present study, the coef-

� cient of viscosity is calculatedby the use of Sutherland’s equation
and thecoef� cientof thermal conductivityis computedunder the as-
sumption of a constantPrandtl number. Finally, the system is closed
by the use of the perfect gas equation of state.

The PNS equationsare a mixed set of hyperbolic–parabolicequa-
tions in the streamwise direction provided that the inviscid � ow
is supersonic, the streamwise velocity component is everywhere
greater than zero, and the streamwise pressure gradient term is ei-
ther omitted in subsonic regions or the departure behavior is sup-
pressed. Vigneron et al.15 have shown that the PNS equations will
remain hyperbolic–parabolic in subsonic (unseparated) regions if
only a fraction x of the streamwise pressure gradient is retained.
The fraction x is given by

x = min 1,
b c M2

n

1 + ( c ¡ 1)M2
n

(3)

where M n is the local Mach number in the n direction and b is a
safety factor that accounts for nonlinearities in the analysis. Upon
incorporatingVigneron’s technique into the three-dimensionalPNS
equations, the E vector becomes

E = E ¤ + Ep (4)

where

E ¤ =
n x

J

q u

q u2 + x p

q uv

q uw

(Et + p)u

+
n y

J

q v

q uv

q v2 + x p

q vw

(Et + p)v

+
n z

J

q w

q uw

q vw

q w 2 + x p

(E t + p)w

(5)

Ep =
n x

J

0

(1 ¡ x ) p

0

0

0

+
n y

J

0

0

(1 ¡ x ) p

0

0

+
n z

J

0

0

0

(1 ¡ x ) p

0

(6)

The elliptic portion (Ep) of the streamwise pressure gradient is
omitted in the subsonic portion of the � ow� eld when using a stan-
dard single-sweep PNS code. Note that the three-dimensionalPNS
equations are elliptic in each cross� ow plane and the equations are
solvedsimultaneouslyat everycell in the plane. Thus, any upstream
effectsoccurringin thecross� ow planeare automaticallycalculated.

Iterated PNS Algorithm
Several investigators16 ¡ 26 have extended the single-sweep PNS

methodto permit thecomputationof � ows whereupstreamin� uence
effects are important. In all of these previous studies, the iterative
procedure is either performed throughout the entire � ow� eld or in
a region that is de� ned before the computation of the � ow� eld. In
those methods where the iterative procedure is performed within
only a portion of the � ow� eld, the boundaries of the embedded
region are often de� ned by the use of detailed prior knowledge of
the � ow� eld being computed. In the present study, a technique is
presented that permits the boundariesof the embedded region to be
located automatically before the calculation of the � ow� eld. This
technique is described in the next section.

One of the � rst attempts to modify the single-sweepPNS method
to compute � ows with upstream in� uences was described by
Rakich16 in 1983. In his approach, the pressure gradient is split
by the use of the techniqueof Vigneron et al.15 A mechanismfor the
incorporationof upstreamin� uence effects is providedby the use of
a forward difference for @Ep / @n . The present iterative PNS (IPNS)
algorithm is based in part on the methods of Rakich,16 Barnett and
Davis,19 and Power.25 The algorithm is � rst-order accurate in the
streamwise direction and the number of iterations required for con-
vergence is comparable to the number of streamwise points in the
embedded region. The convergence rate can be accelerated by the
use of the method of Barnett and Davis.19

Flux Differencing
The details of the streamwise � ux differencing employed in the

IPNS algorithm are given here using a � nite volume formulation.
The streamwise � ux vectorsE ¤ and Ep are functions of the metrics,
that is, geometry,designatedbydSi and the conserved� owvariables
U where U = [q , q u, q v , q w , Et ]T . It is convenient to represent the
� ux vectors at a given station n by the use of the functionalnotation

E¤
i + 1 = E ¤ (dSi + 1, Ui + 1), Ep

i + 1 = Ep(dSi + 1 , Ui + 1) (7)

where the subscripti + 1 denotesthe spatialindex(in the n direction)
where the solution is currentlybeing computed. In a manner similar
to Rakich,16 the IPNS method is derived by the use of a forward
difference for the elliptic portion of the streamwise gradient so that
the complete expression for the streamwise gradient becomes

@E
@n

i + 1

=
1

D n
E ¤

i + 1 ¡ E ¤
i + Ep (dSi + 1, Ui + 2)

¡ Ep(dSi , Ui + 1) (8)

where Ui + 2 is obtained from the preceding sweep. This expression
is a � nite volume representation of the streamwise gradient and
is � rst-order accurate in the streamwise direction. The E ¤ and the
Ep terms evaluated at the i + 1 and i + 2 stations are linearized as
follows:

E ¤
i + 1 = E ¤ (dSi + 1 , Ui ) + A ¤ (dSi + 1 , Ui ) D Ui

Ep(dSi , Ui + 1) = Ep
i + A p

i D Ui

Ep (dSi + 1, Ui + 2) = Ep(dSi + 1 , Ui ) + Ap
i + 1[Ui + 2 ¡ Ui ] (9)

where D Ui = Ui + 1 ¡ Ui and the Jacobians are de� ned by

A ¤ (dSi + 1 , Ui ) =
@E ¤ (dSi + 1, Ui )

@Ui

Ap
i = A p(dSi , Ui ) =

@Ep(dSi , Ui )

@Ui
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By substitution of the identities

E ¤
i = A ¤

i Ui , E ¤ (dSi + 1 , Ui ) = A ¤ (dSi + 1, Ui )Ui

Ep
i = A p

i Ui , Ep(dSi + 1 , Ui ) = Ap (dSi + 1, Ui )Ui (10)

and the linearizationsgivenbyEq. (9), the expressionfor the stream-
wise gradient of E becomes

@E
@n

i + 1

=
1

D n
A ¤ (dSi + 1 , Ui ) ¡ Ap

i D Ui

+ [A(dSi + 1 , Ui ) ¡ Ai ]Ui + Ap
i + 1[Ui + 2 ¡ Ui ] (11)

where A = A ¤ + A p . To simplify the computation of the explicit
portion of the preceding equation, the last term is replaced with
the following approximation, which does not change the overall
accuracy of the method:

A p
i + 1[Ui + 2 ¡ Ui ] »= Ep (dSi + 1, Ui + 2) ¡ Ep(dSi + 1 , Ui ) (12)

The � nal discretized form of the equations used in the IPNS
approachis obtainedby substitutionofEqs. (11) and (12) into Eq. (1)
along with the linearized expressions for the � uxes in the cross� ow
plane. In three dimensions, the � nal expression becomes

1
D n

A ¤ (dSi + 1, Ui ) ¡ A p
i

k + 1
+

@

@g

@F(dSi + 1 , Ui )

@U

k + 1

+
@

@f

@G(dSi + 1 , Ui )

@U

k + 1

D Uk + 1
i = RHS

where RHS indicates right-hand side and is given by

RHS = ¡
1

D n
[A(dSi + 1 , Ui ) ¡ Ai ]k + 1Uk + 1

i

¡ Ep(dSi + 1, Ui + 2)
k + Ep(dSi + 1, Ui )

k + 1

¡
@F(dSi + 1 , Ui )

@g

k + 1

¡
@G(dSi + 1 , Ui )

@f

k + 1

(13)

and the superscriptk + 1 denotes the current iteration level. Further
details of the IPNS algorithm are given in Refs. 27 and 28.

Separated Flows
Special treatment is required for separated � ows because the

streamwise component of velocity becomes negative and the con-
vective � uxes are in a direction that is opposite to the marching
direction. To overcome this dif� culty, the FLARE approximation29

is used in separatedregions.This is accomplishedby our setting any
negative streamwise velocity components that occur in the coef� -
cients of convective terms to zero or a very small positive number.
Also for separated � ows, the governing equations are elliptic and,
therefore, x is set to zero in the region from the wall to the edge of
the boundary layer and is set to one above the boundary layer. This
is consistent with the work of Power25 where the line of in� uence
was used to include displacement effects.

For � ows with very large separatedregions,the IPNS methodwill
fail because of the FLARE approximation.For these cases, another
approachhas beendevelopedby the present authors30,31 that utilizes
the Steger–Warming � ux splitting in place of the original Vigneron
splitting (see Ref. 15). This eliminates the need for the FLARE
approximation and also does not require the speci� cation of the
boundary layer edge for x .

Downstream Boundary Condition
The expression for the streamwise gradient [Eq. (11)] requires

information from a point downstream of the IPNS region when
we compute the last station in the IPNS region. Several approaches

havebeen used previouslyto implement this boundaryconditionfor
iterativePNS methods. In the present study, the gradient is assumed
to be locally linear and the exterior point is updated after every
sweep, with the gradient set equal to the gradient computed from
the preceding sweep.

Marching Procedure
The � ow� elds considered in this study include only those where

a single-sweepPNS solution is obtainable,but the solutionmay not
be accurate. Included are � ow� elds where the interaction between
the inviscid and viscous portions of the � ow is signi� cant and may
produce an embedded separated region. If the � ow� eld meets these
requirements, then the present approach to the problem can be de-
scribed as follows. First, the standard PNS solver is employed until
the beginningof the interactionregion is reached.The standardPNS
algorithm is then used to obtain the initial solution in the embed-
ded region.As this initial solution is beingcomputed, the pressure is
stored at every station in the embedded region.After completing the
� rst sweep, the process is repeated, but now the streamwise gradi-
ent is differencedas describedearlier to includedownstreameffects.
The process is continueduntil the speci� ed convergencecriterion is
met. After a convergedsolution is obtained in the embedded region,
the standard single-sweep PNS method is resumed until the next
embedded region is encountered.

UPS Code
The new IPNS algorithmhas been successfully incorporatedinto

the UPS code originallydevelopedby Lawrence et al.13,14 The UPS
code solves the parabolizedNS equations by the use of a fully con-
servative, � nite volume approach in a general nonorthogonalcoor-
dinate system. The UPS code was originally developed for perfect
gas � ows and uses an upwind, total variation diminishing (TVD)
method based on Roe’s approximate Riemann solver.32 During the
last several years, the code has been modi� ed to permit the accurate
calculationof many types of � ows, including those in thermochem-
ical nonequilibrium.

Detection of Regions That Cause Upstream In� uence
To compute successfullythe entire � ow� eld surroundinga super-

sonic/hypersonicvehicle using a PNS code, it is necessary to detect
and measure the extent of embedded regions that produce signi� -
cant upstream effects. In the present approach, the body geometry
is scanned before the � ow� eld is computed and the lengths of the
embedded regions are computed by the use of the correlation func-
tions discussed hereafter. This method has been incorporated into
the UPS code so that the detectionprocess is completely automated
with the � ow� eld computation.

The correlation functions developed in this study for two-
dimensional laminar � ows were determined by empirical methods
becauseof the lack of accurate theoreticalor experimental relations
that could be used for the determinationof the lengths of the embed-
ded regions. Correlation functions were obtained for compression
ramp, expansion corner, and shock impingement � ow� elds. These
functions are the � rst correlations (theoretical or empirical) to pre-
dict accurately where the single-sweep PNS method is inaccurate
for a range of � ow conditions.

The present correlation functions accurately predict the ratio of
the upstream in� uence distance lu to the boundary-layer thickness
d L . The ratio lu / d L is often used in theoretical studies of separated
laminar � ows. The downstream in� uence distance is given by ld .
De� nitions of the various lengths are shown in Fig. 1 for the case of
� owovera compressionramp.The distanceL is de� nedas the length
measured from the leading edge to the source of the disturbance.In
the case of an impingingshock, L is the locationof the impingement
point, and, for an expansion corner, L is the location of the corner.

The quantity d L is de� ned as the boundary-layerthickness of the
undisturbed� ow at the x (or n ) station L . An empirical formula for
the boundary-layer thickness is given by White33:

d = x Cw / Rex 5.0 + [0.2 + 0.9(Tw / Taw )]( c ¡ 1)M2
1 (14)
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Fig. 1 Location and length de� nitions for detection of embedded
regions.

where

Cw = q w l w / q 1 l 1 »= (Tw / T1 ) ¡ 1
3 (15)

Taw = T1 1 + [( c ¡ 1) / 2]
p

Pr M2
1 (16)

Based on dimensional analysis, it is assumed that the extent of
the embedded region is dependentupon four nondimensionalquan-
tities provided that the Prandtl number and c are � xed. These four
quantities are Mach number M , Reynolds number Re, wall temper-
ature ratio Tw / Taw , and the relative pressure change in the inviscid
� ow D p/ pref , where pref is a referencepressure.The relative change
in pressure for an inviscid � ow is easily determined for simple ge-
ometries if the freestream Mach number is known.34 In addition,
this study is limited to an adiabatic wall condition so that the ratio
Tw / Taw is assumed to be equal to one.

Because the IPNS algorithm is able to compute solutions accu-
ratelyovera rangeof � ow conditions,it was used to generatethedata
needed for the determination of the empirical correlations. Flow-
� elds involving two-dimensional compression ramps (25 cases),
expansion corners (45 cases), and shock impingements (20 cases)
were computed, and these results are given in Refs. 27 and 28. The
computed (grid-independent) results were used to determine the ex-
ponents and constants in the correlations. The data obtained from
the numerical study covereda Mach number range from 2.0 to 6.06,
with themajorityof data between2.0 and3.0.The rangeofReynolds
numbers was from 1 £ 104 to 8 £ 105. The beginning of the inter-
action region was de� ned as the location where the skin friction
coef� cient differed from the computed undisturbed � at-plate value
by 1%.

The downstream boundary of the interaction region was de-
termined in a more approximate way. For the compression ramp
and shock impingement � ow� elds, the location of the downstream
boundary was determined by the examination of the skin-friction
coef� cient as a function of x . A relatively constant value of skin-
friction coef� cient was used to de� ne the end of the embedded
region. For the expansion corner � ow� elds, several computations
were performed for each set of freestream conditions and angle ge-
ometry (25 cases). The value of ld was chosen so that the computed
skin-friction coef� cient was nearly continuous between the IPNS
and PNS solutions at the downstream boundary.

The correlation functions were determined from a least-squares
statistical analysis of the computed data. The total length of the
embedded region l was chosen to be a linear functionof lu for ramp
and shock impingement � ow� elds:

l = K lu (17)

where K is a constant.The constantsdetermined for ramp � ow� elds
and shock impingement � ow� elds were 2.6 and 2.3, respectively.
To account for the approximations made in the analysis, the cor-
relation functions are written with an additional safety factor r .
Numerical experimentation indicates that a value of r »= 1.0 ¡ 1.2
is suf� cient. The � nal forms of the correlation functions are given
for compression ramp � ow� elds:

lu / d L = r ( D p / p 1 )
3
8 Re

3
8
L M

3
2

1 (18)

l = 2.6lu (19)

for shock impingement � ow� elds:

lu / d L = r 1
2 ( D p / p 1 )

1
5 Re

2
5
L M 1 (20)

l = 2.3lu (21)

and for expansion corner � ow� elds:

lu / d L = r 1
6 ( j D p j / p 1 )

1
10 Re

2
5
L M 1 + 15 (22)

ld / d L = r 1
15 ( j D p j / pd )

1
4 Re

1
2
L (23)

where pd is the pressure downstream of the corner.
The upstream in� uence correlation functions are plotted in

Figs. 2–4 along with the numerical and experimental data35 ¡ 41 for
the compression ramp, shock impingement, and expansion corner
cases, respectively. It is clear that the correlation functions accu-
ratelypredictthe upstreamin� uenceover a rangeof � ow conditions.
The scatter in the experimental data with the correlation functions
is due to the dif� culty in interpreting the experimental data from
graphs presented by the authors as well as other factors that are as-
sociated with performing experiments in general. The downstream
in� uence functions are plotted in Refs. 27 and 28.

Numerical Results
The new iterative parabolized NS code developed in this study

has been used to compute several two-dimensionallaminar � ow test
cases. All of these test cases includeembedded regions that produce
signi� cant upstream effects. The lengths of the embedded regions
were automatically determined before the � ow� eld computations.
Further details of these calculations are given in Refs. 27 and 28.

Test Case 1
Figure 1 shows the geometry for the � rst test case, which con-

sists of a � at plate followed by a 10-deg compression ramp. The
freestream Mach number is 3.0, and the Reynolds number based
on the length of the � at plate region (L =1.0 m) is 1.68 £ 104. The
wall temperatureand freestreamtemperatureare 606.7 and 216.7K,
respectively.These � ow conditions correspond to the test case orig-
inally computed by Carter42 using the complete NS equations.The
� ow in this case is separated and the ramp induces signi� cant up-
stream effects.

The � nest grid used for this case (to ensure grid independence)
consisted of 90 points in the normal direction and 309 in the
streamwise direction with 200 streamwise points in the IPNS re-
gion (0.5 < x < 1.8 m). Figures 5 and 6 show the computed wall
pressure and skin friction, respectively.Also shown are the NS re-
sults of Hung and MacCormack43 and the computed PNS results.
The agreement between the IPNS results and the NS approach is
excellent. The skin-friction coef� cient is de� ned as

C f =
l

1
2
q 1 V 2

1

@u

@n
wall

(24)

where n is in a direction normal to the body surface.
A grid re� nement study was performed, and the results27 indicate

that grid independencehas been achieved. Figure 7 shows the pres-
sure convergencehistory based on the rms of the relative change in
pressure in the IPNS region. The rms is de� ned as

rms =
1

jmax

j = jmax

j = 1

pk + 1
j ¡ pk

j

pk
j

2

(25)

where the summation is over all points ( j =1, 2, . . . jmax) in the
IPNS region where x < 1. The number of streamwise sweeps re-
quired for convergence on the � nest grid was 166. For this study,
the calculationsare considered to be convergedwhen the rms value
is less than 10 ¡ 4 .



MILLER, TANNEHILL, AND LAWRENCE 1841

Fig. 2 Correlation function lu for compression ramp � ow� elds.

Fig. 3 Correlation function lu for shock impingement � ow� elds.

Fig. 4 Correlation function lu for expansion corner � ow� elds.
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Fig. 5 Wall pressure results for 10-deg ramp.

Fig. 6 Skin-friction results for 10-deg ramp.

Fig. 7 Pressure rms histories.

Test Case 2
The second test case consists of an oblique shock impinging on

a laminar boundary layer that is developing on a � at plate. The
geometryis shownin Fig. 8. This casecorrespondsto theexperiment
performed by Hakkinen et al.39 The freestream Mach number is
2.0, and the Reynolds number based on the location of the shock
impingement point (L =0.049 m) is 2.96 £ 105. The shock angle
(h ) is 32.6 deg, and the plate is modeled with an adiabatic wall
boundary condition.

The � nestgridused for this case consistedof 170 points in thenor-
mal direction and 415 in the streamwise direction, with 250 points
in the IPNS region (0.025 < x < 0.075 m ). The � rst point above the
wall was located at 1 £ 10 ¡ 5 m. These results are considered to be
grid independent. The number of streamwise sweeps required for
convergenceon the � nest grid was 267.

Fig. 8 Shock impingement geometry.

Fig. 9 Wall pressure results.

Fig. 10 Skin-friction results.

Fig. 11 Expansion corner
geometry.

The wall pressure and skin-friction results are shown in Figs. 9
and 10, respectively. Also shown are the NS results computed by
Thomas and Walters44 and the PNS results. The solid symbols in
Fig. 10 indicate where separated � ow was detected by Hakkinen
et al.39 but the skin friction was not measured. The IPNS results
are in good agreement with the NS results and experimental data.
Note that the present case contains a signi� cant region of separated
� ow and that the FLARE approximation does affect the details of
the separation, as seen in Figs. 9 and 10. However, the extent of the
separation region is in excellent agreement with the NS results and
experimental data.

Test Case 3
Figure 11 shows the geometry for the third test case, which con-

sists of a � at plate followed by a 25-deg expansion corner. The



MILLER, TANNEHILL, AND LAWRENCE 1843

freestreamMach number is 3.0, and the Reynolds number based on
the lengthof the � at-plate region (L =1.0 m) is 1.68 £ 104 . The wall
temperatureand freestream temperatureare 547.6 and 216.67 K, re-
spectively. The � ow in this case is not separated but the expansion
ramp induces signi� cant upstream effects.

The � nest grid used for this case (to ensure grid independence)
consisted of 120 points in the normal direction and 245 in the
streamwisedirectionwith 112 streamwise points in the IPNS region
(0.66 < x < 2.0 m). The computed wall pressure and skin friction
are shown in Figs. 12 and 13, respectively, along with the results
computedwith the NS codeOVERFLOW45 and the resultsobtained
by the use of the standard PNS approach. The agreement between
the IPNS and NS results is excellent.The PNS resultswere obtained
by the useof the samegridas the IPNS solution.The gridused for the
OVERFLOW code was the same except for 10 streamwise points
added to the leading edge of the plate. A grid re� nement study
was performed, and the results28 indicate that grid independence

Fig. 12 Wall pressure results for 25-deg expansion.

Fig. 13 Skin-friction results for 25-deg expansion.

Fig. 14 Geometry for multiple-embedded-region case.

has been achieved. The number of streamwise sweeps required for
convergenceon the � nest grid was 35.

To demonstrate the computational ef� ciency of the current ap-
proach, a grid re� nement study was also performed with the NS
code OVERFLOW. The OVERFLOW code required the same num-
ber of grid points as the IPNS code to achieve grid independence.
The results of the OVERFLOW grid re� nement study are given in
Ref. 46. The required CPU times and memory are listed in Table 1.
Note that the current method requires at least an order of magnitude
less computer time and much less memory than the OVERFLOW
code for each of the grids used. The computational effort is obvi-
ously problem dependent; however, these results demonstrate the
signi� cant savings that can be achieved with the current approach.

Test Case 4
The fourth test case involves a more complicated geometry that

produces two regions where upstream effects are important. The
geometry consists of a 15-deg wedge followed by a � at plate re-
gion and then a 7-deg ramp. The geometry is shown in Fig. 14. The
ramp inducesa signi� cant separatedregion.The lengthsof the IPNS
regions were automatically computed before the � ow� eld calcula-
tion by scanning the geometry and using the appropriatecorrelation
functions with the inviscid � ow conditions and a safety factor r of
1.1. See Ref. 47 for further details. The IPNS regions are shown in
Fig. 15.

The � owconditionsare a Machnumberof 3.0, a Reynoldsnumber
(based on the total length L =35.0 m) of 1.47 £ 105 , a freestream
temperature of 216.67 K, and a wall temperature of 547.6 K. The
wall temperature was chosen to be equal to the adiabatic wall tem-
perature for the given Mach number and a Prandtl number of 0.72.

The computed wall pressure and skin friction are shown in Figs.
16 and 17, respectively,along with the results obtainedby the use of
the standard PNS approach and the NS approach using the OVER-
FLOW code. The PNS results were obtained by the use of the same
grid as the IPNS solution, whereas the OVERFLOW solution was
obtained by the use of the same grid but with 10 streamwise points
added at the leading edge of the geometry. The agreement between
the IPNS method and the OVERFLOW code is excellent.The small
difference in results near the leading edge is believed to be due to
the grids used at the leading-edgesingularity.Note that the standard
single-sweepPNS approach is noticeably inaccurate in terms of the
streamwise variation of skin friction and wall pressure.

A grid re� nement study was performed,28 and the results indicate
that grid independence has been achieved. The � nest grid utilized
40 points in the � rst IPNS region (2.61 < x < 5.80 m) and 206 in
the second IPNS region (13.56 < x < 30.03 m). The CPU time on
a DEC Alphastation255 for the OVERFLOW code (70 £ 505) was
2000.0s,whereasthe time requiredby the IPNS code(70 £ 497)was
455.0 s. In addition, three different safety factors ( r =1.0, 1.1, and
1.2) were used to determine the lengths of the IPNS regions and the
computed results indicate negligible differences for the three safety
factors considered. It was also found that the rates of convergence

Table 1 Required CPU times and memory for test case 3

CPU time, s Memory, MB

Grid OVERFLOW IPNS OVERFLOW IPNS

70 £ 161(151) 253.5 12.6 7.0 3.3
120 £ 192(182) 725.6 43.6 13.0 4.6
120 £ 255(245) 914.6 82.0 17.0 4.8
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Fig. 15 IPNS regions for multiple-embedded-region case.

Fig. 16 Wall pressure results for multiple-embedded-region geometry.

Fig. 17 Skin-friction results for multiple-embedded-region geometry.

for these computationswere not signi� cantly affected by the choice
of safety factor.

Summary
A new PNS algorithm has been developed that signi� cantly re-

duces the computer time and storage required to calculate super-
sonic � ows with embedded regions that produce upstream effects.
The algorithm has been applied to several test cases and the com-
puted results are in excellent agreement with NS computations and
experimental data. Work has recently been completed on extend-
ing the present approach to arbitrary shapes including curved sur-
faces. These arbitrary shapes are � rst decomposed into a series of
very small compression ramps, expansion corners, or � at surfaces,

therebypermitting the use of the correlation functions to predict the
lengths of the corresponding upstream and downstream in� uence
regions.
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